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ABSTRACT 
Ice cores are a valuable component with regards to paleoclimate reconstruction due to the 
ability to use stable water isotopic concentrations in ice as a proxy for paleo-temperature 
records. It is therefore important to understand the processes and conditions under which 
isotopic concentrations can be altered after ice has formed. Historically, sublimation has 
been considered to only have a trivial impact on the isotopic record in glacial ice due to the 
low diffusivity of solid ice (~10-15 m2 s-1). Recent publications have shown that diffusion 
of impurities through ice can occur at much faster rates than the diffusivity of solid ice 
would imply, and have proposed that networks of unfrozen liquid (premelt) between ice 
grains may expedite the diffusion process. However, the application of this mode of 
diffusion to isotopic concentrations in ice under non-equilibrium conditions has been 
largely unexplored. Here I model changes in isotopic concentrations in ice using a two-
dimensional diffusion mechanism, which incorporates premelt, coupled with a sublimation 
flux at the surface. Model results show an increase in δD at the ice surface and in near-
surface ice. Concentrations exponentially decrease from the surface value to the initial 
concentration at depth. These results are consistent with recent experimental results. 
  v 
 
 
TABLE OF CONTENTS 
 
ABSTRACT ....................................................................................................................... iv 
TABLE OF CONTENTS .................................................................................................... v 
LIST OF TABLES ........................................................................................................... viii 
LIST OF FIGURES ........................................................................................................... ix 
LIST OF ABBREVIATIONS ............................................................................................ xi 
1 Introduction ................................................................................................................. 1 
2 Background ................................................................................................................. 4 
2.1 Equilibrium Fractionation ................................................................................... 4 
2.2 Sublimation in polar science ............................................................................... 5 
2.3 Diffusion ............................................................................................................. 7 
2.4 Dynamics between sublimation, isotopic fractionation, and diffusion ............... 8 
2.4.1 Fractionation factor of sublimation ................................................................. 8 
2.4.2 Premelt liquid .................................................................................................. 9 
2.4.3  Post-depositional fractionation via a sublimation-diffusion mechanism ..... 10 
3 Methodology ............................................................................................................. 12 
3.1 Laboratory experiments .................................................................................... 12 
3.2 Model simulations ............................................................................................. 15 
3.3 Geometric framework for the model ................................................................. 15 
  vi 
4 Model development .................................................................................................. 18 
4.1 Interior points .................................................................................................... 18 
4.2 Boundary conditions: x = 0, x = L, and z = Y ................................................... 19 
4.3 Surface boundary condition .............................................................................. 21 
4.3.1 Sublimation flux............................................................................................ 21 
4.3.2 Diffusive flux at the surface .......................................................................... 24 
4.3.3 Lateral surface diffusion ............................................................................... 24 
4.3.4 Surface concentration.................................................................................... 25 
4.4 Modeled δ profile .............................................................................................. 26 
5 Discretization ............................................................................................................ 27 
6 Results ....................................................................................................................... 30 
6.1 One-dimension model results ........................................................................... 30 
6.2 Two-dimension model results ........................................................................... 32 
7 Discussion ................................................................................................................. 38 
7.1 General model behavior .................................................................................... 38 
7.1.1 Diffusion length ............................................................................................ 39 
7.1.2 Surface concentration.................................................................................... 41 
7.1.3 Long time periods and limits to surface concentration and diffusion length 42 
7.1.4 Bare ice ......................................................................................................... 43 
7.2 Model sensitivity to parameters ........................................................................ 44 
7.2.1 Sublimation rate ............................................................................................ 45 
7.2.1.1  Non-constant sublimation rate ........................................................................................................ 45 
  vii 
7.2.1.2  Sublimation rate and fractionation ................................................................................................ 47 
7.2.2 Fractionation factor ....................................................................................... 50 
9 Conclusions ............................................................................................................... 53 
REFERENCES ................................................................................................................. 55 
CURRICULUM VITAE ................................................................................................... 59 
 
  
  viii 
LIST OF TABLES 
Table 1: Summary of all of the experimental ice columns from Dennis (2018) that are 
referenced in this work. Columns used are from two distinct experiments, each of 
which involved multiple ice columns. All experimental ice columns underwent ~3 
weeks of sublimation induced by an environmental chamber capable of maintaining 
the sub-freezing temperatures and low relative humidity conditions required for 
sublimation. Thin layers of glass beads with varying thicknesses were added on top 
of the ice columns in experiment 4, but not experiment 2. ....................................... 13 
Table 2: Summary of model parameters, initial condition, and final modeled/measured 
near surface values. Ice column 4-9 (highlighted in red) is a bare ice column (no 
glass beads) and shows no change at the surface. Orange rows correspond to 
experimental ice columns for which the modeled results predict near surface values 
that have higher concentrations of deuterium than measured. Blue rows correspond 
to experimental ice columns for which the modeled results were less concentrated 
than the measured near surface values. ..................................................................... 34 
Table 3: Summary of α values used in model run and their sources. Some of the α values 
used were from direct measurements of vapor in sublimation experiments, and some 
are functional approximations with respect to temperature. ..................................... 51 
 
  
  ix 
LIST OF FIGURES 
Figure 1: (A) Photograph of an ice column from experiment 2 post-sublimation, before 
being halved to sample isotopic concentrations along the vertical axis. (B) 
Schematic representation of the sampling scheme used for all experimental data 
from Dennis (2018) discussed in this paper. ............................................................. 15 
Figure 2: Schematic diagram of the geometry used to model the system. The four 
boundaries of the problem are highlighted in red, and the corners of the grid-space 
are labeled. A section of the grid-space is also shown to illustrate notation; labels 
shown correspond to the upper-left corner. For example, the point (0, 0) corresponds 
to i = 0, k = 0 and the point (L, M) corresponds to i = nx, k = nz. ............................. 17 
Figure 3: Post-sublimation δD profile of ice using the one-dimension diffusion model. 
The diffusivity in this model run is the approximated diffusivity of solid ice at -2°C, 
2.67x10-15 m2 s-1. ....................................................................................................... 31 
Figure 4: Post-sublimation δD profile of ice using a one-dimension diffusion model and 
an approximate diffusivity for sub-freezing liquid water (9.76×10-10 m2 s-1). ......... 32 
Figure 5: The concentration (mol m-3) of deuterium throughout the grid-space that the 
system of equations is solved over after simulating sublimation for a 3-week time 
period using model parameters representative of experimental ice column 2-3. The 
model’s spatial domain is shown on the horizontal x-z plane, and the concentration 
of deuterium at each x-z point is shown along the vertical axis................................ 33 
Figure 6: A color map of the model results displayed in Figure 5. .................................. 33 
  x 
Figure 7: Modeled post-sublimation δD profiles (solid lines) for the two ice columns 
from experiment 2 plotted with measured experimental data. The modeled values 
which correspond to the depth of the shallowest measurements are marked with an x 
for each model run. ................................................................................................... 35 
Figure 8: Model results corresponding to experimental columns 4-3 (mass loss = 43.73g), 
4-4 (mass loss = 58.34g), and 4-8 (mass loss = 55.76g). For all three columns, the 
model predicted near-surface values that are more concentrated in deuterium than 
the measured values. ................................................................................................. 36 
Figure 9: Model results corresponding to experimental columns 4-10 (mass loss = 7.85g), 
4-11 (mass loss = 8.35g), and 4-12 (mass loss = 22.15g). The model underestimated 
the near-surface values for deuterium concentration as compared with the 
experimental measurements for all three columns. ................................................... 37 
Figure 10: Three functions for the accumulated mass loss over a 3-week time period are 
shown. Each mass loss function describes a different sublimation scheme which 
results in the same total mass loss for the experimental time frame. ........................ 46 
Figure 11: Modeled post-sublimation δD profiles (solid lines) for three types of 
sublimation rate. The raw experimental data from one of the ice columns from 
experiment 2 is plotted along-side the modeled results for comparison. Model 
parameters from 2-3 are used in all three runs. ......................................................... 47 
Figure 12: Model results for different values of the fractionation factor, α. α values and 
their sources are detailed in Table 3. ........................................................................ 51 
  
  xi 
 
LIST OF ABBREVIATIONS 
1D .................................................................................................................. One dimension 
2D ................................................................................................................ Two dimensions 
3D .............................................................................................................. Three dimensions 
% ................................................................................................................................Percent 
‰.............................................................................................................. Parts per thousand 
°C ................................................................................................................. Degrees Celsius 
α ............................................................................................................. Fractionation factor 
Δt ................................................................................................ Discrete change in time (s) 
Δx ................................................................ Discrete change in space in the x-direction (m) 
Δz ................................................................. Discrete change in space in the z-direction (m) 
δ ................................................................. Relative isotopic ratio to a known standard (‰) 
∂ .................................................................................................................. Partial derivative 
Σ .......................................................................................................................... Summation 
σ .................................................................................................................... Stability criteria 
μm ..................................................................................................................... Micrometers 
BP ................................................................................................................... Before present 
c ................................................................................Concentration of deuterium (mols m-3) 
cl ................................................................ Concentration of deuterium in liquid (mols m-3) 
cs ............................................................ Concentration of deuterium in solid ice (mols m-3) 
ctot ...........................................................Concentration of all hydrogen isotopes (mols m-3) 
cm ....................................................................................................................... Centimeters 
  xii 
D ........................................................................................................................... Deuterium 
Dl .......................................................................................... Diffusivity of solid ice (m2 s-1) 
Ds ................................................................................. Diffusivity of premelt liquid (m2 s-1) 
dt .............................................................................................................. Change in time (s) 
dx .............................................................................. Change in space in the x-direction (m) 
dz .............................................................................. Change in space in the z-direction (m) 
exp() ..................................................................................................... Exponential function 
FD ............................................................................................. Diffusive flux (mols m-2 s-1) 
FS .......................................................................................... Sublimation flux (mols m-2 s-1) 
g................................................................................................................................... Grams 
H .............................................................................................................................Hydrogen 
2H .......................................................................................... Hydrogen isotope (deuterium) 
h.................................................................. Height of control volume after sublimation (m) 
i .................................................................................................................................. x index 
ice→vapor ........................................................................ Equilibrium sublimation reaction 
k .................................................................................................................................. z index 
kg........................................................................................................................... Kilograms 
L .................................................................... Length of model grid-space in the x-direction 
ln() ............................................................................................ Natural logarithmic function 
log() ..................................................................................................... Logarithmic function 
M ................................................................... Length of model grid-space in the z-direction 
MH2O ......................................................................................................Molar mass of water 
  xiii 
m ................................................................................................................................ Meters 
mol ...................................................................................................................... Mole (unit) 
n........................................................................................................................... Time index 
nx ............................................................................. Number of grid points along the x-axis 
nz ..............................................................................Number of grid points along the z-axis 
18O ................................................................................................................ Oxygen isotope 
PVC .......................................................................................................... Polyvinyl chloride 
Rice .................................................................................................................D/H ratio in ice 
Rvapor ......................................................................................................... D/H ratio in vapor 
Rstd ................................................................................ D/H ratio for the VSMOW standard 
s .......................................................................................................Sublimation rate (kg s-1) 
s ................................................................................................................................ Seconds 
sub ........................................................................................ Sublimation flux (mols m-2 s-1) 
T ..........................................................................................................Temperature (Kelvin) 
t .................................................................................................................. Time variable (s) 
tf ....................................................................................................... Length of model run (s) 
VSMOW..........................................................................Vienna standard mean ocean water 
x .............................................................................................................. Spatial variable (m) 
z .............................................................................................................. Spatial variable (m) 
zs ...........................................................................................Solid state diffusion length (m) 
zdiff ........................................................................................................ Diffusion length (m) 
 1 
 
1 Introduction 
Data from ice cores provide independent constraints on the history of essential 
climatic variables. As a result, they have been used for the past 60 years to more accurately 
reconstruct paleoclimate records. Recent studies have extended reliable climate records 
back through several glacial/interglacial cycles to nearly ~800,000 years before present 
(BP) (Jouzel et. al, 2007; Petit et. al., 1999). Ice-core records are critical to overall 
paleoclimate reconstructions because the vertical profile of entrapped air bubbles and water 
isotopes within the ice can be used to reconstruct coeval atmospheric gas concentrations 
and atmospheric temperatures at the time of snow and ice deposition. The reconstruction 
of paleo-temperatures from measured isotopic ratios within ice relies on the well-
established temperature-dependent fractionation dynamics of stable water isotopes (Alley 
2010; Barnola et al. 1987; Dansgaard 1964; Faure 1977). A critical assumption that 
underlies the majority of ice core-derived paleo-atmospheric temperature estimates is that 
the ice has not been subjected to any post-depositional alteration that may have affected in 
situ isotopic concentrations, and therefore the climate proxy record. This assumption of 
fixed isotopic concentrations in the ice allows for a straight-forward interpretation of the 
proxy data and implies a simple sequential preservation of the climate signal in the core 
(Johnsen et al. 1997). Certain post-depositional changes in the ice could however bias the 
climate reconstruction by introducing a more-modern climate signal into the record. If not 
accounted for, this can ultimately result in errors in the interpretation (Bolzan & Pohjola 
2000; Cuffey & Steig 1998; Johnsen 1977). It is therefore important (1) to understand what 
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conditions might promote alterations of the isotopic record in glacial ice and (2) to quantify 
the dynamics of isotope alteration given these conditions.  
Notably, some of the oldest and longest undisturbed paleoclimate ice records are 
from high-elevation regions of Antarctica (Lacelle et al. 2010; Higgins et al. 2015; Barnola 
et al. 1987; Sugden et al, 1995). In these regions, temperatures rarely reach above 0°C, 
vapor pressure is extremely low, and average wind speeds are typically high (Frezzotti et 
al. 2002; Turner et al. 1999). Sublimation, which is the most significant form of ablation 
at the ice surface of Antarctica, is greatly enhanced under these extreme environmental 
conditions and thus plays an outsized role in the dynamics of the oldest ice deposits 
(Bintanja 1999; Frezzotti et al. 2004; Kowalewski et al. 2006; Marchant et al 1993; Fujii 
& Kusunoki 1982). Despite this, very little research has been done on the effect of 
sublimation on isotopic concentrations in ice. 
In this study, I combine experimental results with a novel process-based modeling 
framework in order to quantify the rate and character of water isotope alterations within 
solid ice. Specifically, these analyses focus on the diffusion dynamics of stable water 
isotopes in near-surface ice undergoing sublimation.   
Here, I present work that links theory from the fields of isotopic fractionation and 
fluid mechanics in order to develop a numerical modeling framework in which the 
interactions between shallow ice and the atmosphere can be studied. Results suggest that 
the physical interpretation of recent laboratory experiments (Dennis, 2018) can be 
explained through the dynamics of expedited diffusion of heavy isotope species in ice via 
an intergranular network of liquid veins. This modeling approach combines classical 
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diffusion dynamics with intergranular liquid networks to model a 2-dimensional diffusion 
mechanism coupled to a surface flux induced by sublimation. 
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2 Background 
The following sections provide a brief overview of the three theoretical 
underpinnings of the model presented in this work: equilibrium fractionation, ice 
sublimation, and diffusion. Relevant studies from the literature are also discussed. 
2.1 Equilibrium Fractionation 
Typically, in isotope studies, concentrations are discussed in terms of their δ values, 
where δ is defined as the permil ratio of heavy to light isotope in a sample, reported relative 
to a standard.  Thus, 
 
 𝛿𝑠𝑎𝑚𝑝𝑙𝑒 =
𝑅𝑠𝑎𝑚𝑝𝑙𝑒 − 𝑅𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑
𝑅𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑
∗ 1000, (1) 
 
where 
 
𝑅𝑥 =
𝑎𝑚𝑜𝑢𝑛𝑡 𝑜𝑓 ℎ𝑒𝑎𝑣𝑦 𝑖𝑠𝑜𝑡𝑜𝑝𝑒
𝑎𝑚𝑜𝑢𝑛𝑡 𝑜𝑓 𝑙𝑖𝑔ℎ𝑡 𝑖𝑠𝑜𝑡𝑜𝑝𝑒
. (2) 
 
The deuterium (D) – hydrogen (H) ratio standard (Rstandard) used in this work is the Vienna 
standard mean ocean water (VSMOW) with a value of 1.5575×10-4 ppm. 
Ice sublimation is considered an equilibrium reaction and results in a predictable 
and well-understood equilibrium fractionation of stable water isotopes. For this 
equilibrium reaction of water moving from a solid to a vapor phase, the following 
relationship governs the ratio of heavy to light isotopes in each phase: 
 5 
 
 
𝛼𝑖𝑐𝑒→𝑣𝑎𝑝𝑜𝑟 =
𝑅𝑖𝑐𝑒
𝑅𝑣𝑎𝑝𝑜𝑟
, (3) 
 
where the fractionation factor, α, is experimentally determined. It is important to note that 
fractionation factors are temperature-dependent and unique to the specific reaction being 
measured. 
Isotopic fractionation decreases as temperature increases. This is a general trend, 
and is not specific to the type of fractionation or isotopic species. The inverse relationship 
between fractionation and temperature is a result of the amount of energy in the system. In 
a phase change reaction, it is energetically preferential for the light isotope to move into 
the higher energy phase. However, when there is more energy in the system, i.e. higher 
temperature, it also becomes statistically more likely that the heavy isotope will absorb 
enough energy to move into the higher energy phase. Ultimately, this causes the degree of 
fractionation to decrease at higher temperatures.  
In experiments designed to explicitly determine the relationship between α and 
temperature, fractionation is measured for a specific reaction at various temperatures. The 
log(α) is then typically fit to a second degree function of temperature using α values 
calculated from the experimental fractionation data.  
2.2 Sublimation in polar science 
 Despite sublimation being a phase-change equilibrium reaction, quantitative 
research on its ability to alter in situ isotopic concentrations in glacial ice has been lacking 
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within the polar science community (Dansgaard 1973; Konishchev et al. 2003; Petit et al. 
1999). Until very recently, the accepted theory in polar science was that ice sublimation 
occurs as a “layer-by-layer” process which prevents the heavy isotope from building up in 
the surface layer. For stable water isotope research, studies often cite the pioneering work 
of Dansgaard (1964) when asserting that sublimation can be neglected. These claims are 
made despite there being minimal supporting field research or experimental data 
supporting the theory (Dietrich & Sposito 1997; Sokratov & Golubev 2009). 
As the ability to make direct measurements improved, researchers began to observe 
the changes in the isotopic content of snow and firn due to sublimation (Hachikubo et al. 
1997; Moser & Stichler 1980; Sokratov & Golubev 2009). These studies attribute the 
importance of sublimation in the isotopic dynamics of snow to the high porosity of snow 
allowing sublimation to occur at significant rates within the pore space. However, 
sublimation has remained largely unstudied as a significant process in glacial ice. 
 Neglecting sublimation of ice is often justified by the presumption of a very small 
diffusivity value for solid ice (to which low porosity is a contributing factor). The theory 
most often posited is that even if the concentration of isotopes at the free-surface (the ice-
atmosphere boundary) is altered by the process of sublimation, the extremely slow rate of 
diffusion will preserve the original signal for ice at depth (Lacelle et al. 2010; Sokratov & 
Golubev 2009; van der Wel et al. 2015). However, historically there have been very little 
data to support, reject, or qualify this claim. 
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2.3 Diffusion 
 Diffusion is generally understood to be the movement of molecules or atoms across 
a gradient from an area of relatively high concentration to low concentration. Diffusion can 
occur within the crystal lattice structure of solid state materials via two distinct 
mechanisms. The diffusing substance can either move in between the lattice structure of 
another substance, referred to as interstitial diffusion, or molecules can diffuse through the 
lattice structure by replacing a molecule at a node within the structure, which is referred to 
as substitutional diffusion. Substitutional diffusion is enhanced by vacancies in the crystal 
lattice structure.  
 Polycrystalline materials, such as naturally occurring ice, are made up of multiple 
grains of the same material fussed together. The crystal lattice structure of each grain is the 
same, but the lattice structures of individual grains do not necessarily align. Although 
single-crystal ice can be developed in a laboratory, for the purposes of this work ice is 
considered to be polycrystalline. Diffusion within polycrystalline materials is enhanced by 
the irregular planes introduced between crystals and the increased irregularities/vacancies 
in the lattice structure along grain boundaries. The diffusivity of polycrystalline materials 
is therefore typically thought of as the effective diffusivity of the bulk material, taking into 
consideration the diffusivity within the grain and the diffusivity at the grain boundary. 
Assuming the diffusivity of solid ice is very low (~10-15 m2 s-1; Ramseier 1967) and 
that this diffusivity is representative of the bulk behavior of diffusion through the ice 
matrix, there are still potential issues with the assumption that the alteration of isotope 
signals in ice is negligible. On the time scales over which some ice cores are evaluated, an 
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extremely slow rate of diffusion may alter isotopic concentrations considerably given a 
long enough time period (Lacelle et al. 2010; Stichler et al. 2001; Sokratov & Golubev 
2009).  
2.4 Dynamics between sublimation, isotopic fractionation, and diffusion 
2.4.1 Fractionation factor of sublimation 
Water-ice sublimation is not a commonly studied reaction in isotope research, and 
the literature on stable water isotope fractionation during ice sublimation is relatively 
sparse. Although theoretically we recognize that a well-constrained relationship likely 
exists between fractionation factor and temperature for the sublimation reaction, there is 
currently no agreed upon consensus within the literature as to that relationship. Three 
studies which investigated the fractionation factor of water-ice sublimation are considered 
here.  
Most studies cite Merlivat & Nief (1965) as their source for the water ice-vapor α 
value; a study which uses experimental measurements to fit a linear relationship between 
α and temperature. Using their derived empirical formulation, Merlivat & Nief (1965) 
report α = 1.14 at -6 °C, α = 1.135 at -2°C.  
More recent work often cites Ellehoj et al. (2013) as the source for the ice-vapor α 
value. Ellehoj et al. (2013) also derived an experimentally determined empirical 
relationship between α and temperature, but conducted their experiments over a wider 
temperature range than previously investigated by Merlivat & Nief (1965). By using a non-
linear fit between ln(α) and a higher order polynomial dependent on temperature, Ellehoj 
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et al. (2013) predict larger α values than had previously been determined. Using the 
relationship of Ellehoj et al. (2013), α = 1.138 at -2°C. 
Both Merlivat & Nief (1965) and Ellehoj et al. (2013) offer an α-temperature 
relationship which is significantly higher than the more-recently reported experimental 
results of Lecuyer et al. (2017). As opposed to measuring vapor continuously and then 
using equilibrium fractionation theory to calculate α, Lecuyer et al. (2017) allowed 
sublimation to occur over a specific time intervals during which they collected all of the 
vapor. They then compared the bulk ratio of the vapor to the bulk ratio of the remaining 
ice. This produced α values that were consistently lower than those previously reported.  
Lecuyer et al. (2017) note that their calculated α values suggest that isotopic 
fractionation during their experiments did not follow the laws of equilibrium 
thermodynamics. They explain this assertion by suggesting that, for their experiments, 
sublimation is likely producing a boundary layer in the near surface ice in which isotopic 
fractionation is occurring. They also note that the extremely small diffusivity of deuterium 
in solid ice is inhibiting isotopic exchange.  
2.4.2 Premelt liquid  
Recent observations of the distribution of impurities in the Greenland Ice Core 
Project (GRIP) ice core have been interpreted to suggest that diffusion is occurring at much 
faster rates than the diffusivity of solid ice would permit (Johnson et al. 1997). These 
observations have led to the investigation of alternative mechanisms for the diffusion of 
impurities through ice.  
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One potential mechanism to enable this behavior involves the presence of liquid 
water in polycrystalline ice that is near the melting point. This water, in the form of 
networks of thin liquid veins at subfreezing temperatures, is known as premelt. Because 
the diffusivity of the subfreezing liquid (~10-10 m2 s-1; Gillen et al. 1972) is much larger 
than the diffusivity of solid ice (~10-15 m2 s-1; Ramseier 1967), it has been hypothesized 
that solutes and impurities are able to travel vertically much faster than previously thought 
possible by diffusing into the premelt network, migrating through the network, and then 
diffusing into the solid ice grains (Johnson et al. 1997; Nye 1998).   
Premelt liquid was postulated to exist under the conditions found in ice cores based 
on thermodynamic properties (Nye 1989). Although the concept did not immediately take 
hold in the polar science community, it has more recently gained traction as the body of 
research providing direct measurements of premelt in ice has increased (Nye 1998; 
Thomson et al. 2013; Wettlaufer & Worster 2006). Evidence of stable premelt films in ice 
at extremely cold temperatures provides a potential mechanism by which faster rates of 
diffusion could be obtained. Several publications have quantitatively assessed the potential 
of this mechanism for influencing diffusion of solutes and impurities in glacial ice (Nye 
1998; Rempel et al. 2001; Rempel & Wettlaufer 2003; Thomson et al. 2013). 
2.4.3  Post-depositional fractionation via a sublimation-diffusion mechanism  
In this study, we are interested in the dynamic connections linking sublimation and 
isotopic fraction to diffusion. This is an intersection that has not yet been extensively 
explored in the literature, and coupling the diffusion mechanism described in section 2.4.2 
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to a sublimation-induced surface flux in order to model isotopic concentration is novel. 
Lecuyer et al. (2017) showed experimentally that the isotopic composition of ice increases 
following sublimation. In addition, Johnson et al. (1997) and others have noted that 
diffusion of impurities in glacial ice occurs more rapidly than previously thought possible. 
We hypothesize that a concentration gradient at the ice surface induced by sublimation can 
drive the heavy isotope species to diffuse into ice at depth. 
This work was motivated by several questions regarding the effect of sublimation 
on stable water isotope concentrations related to the assertion that sublimation can alter 
surface concentrations. These questions include: 
1. Can a notable change in the isotopic concentration of surface ice be induced by 
sublimation and can it be observed on short time scales? 
2. What is the magnitude of the diffusion length and what parameters control this 
length? 
3. Does the system reach a dynamic equilibrium state which causes the surface 
isotope concentration to stabilize? 
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3 Methodology  
In order to explore the questions posed in section 2.4, we developed both a series 
of experiments, and a new model to test a proposed mechanism describing post-
depositional changes to the isotopic concentrations of shallow ice. The experimental 
methods and data analyses are described in detail by Dennis (2018). Two of these 
experiments will be referred to in this paper (experiments 2 and 4 from Dennis (2018); 
Table 1), as a comparison for modeled results.  
3.1 Laboratory experiments  
All experiments involved inducing sublimation in ice columns at subfreezing 
temperatures and low relative humidity over three-week time intervals. Experiments were 
carried out in an environmental chamber with the capability of maintaining temperature 
and relative humidity conditions consistent with those of continental Antarctica. Once an 
experiment was initiated, temperature and relative humidity were kept constant over the 
duration of the three-week measurement interval. 
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Experiment 
number 
Ice 
column 
label 
Temp 
(°C) 
Column 
radius (cm) 
Mass of glass 
beads used (g) 
Approximate 
depth of glass 
bead layer (cm) 
2 2-2 -2 7.52 0 0 
2 2-3 -2 7.52 0 0 
4 4-3 -10 5.0 102.10 0.5 
4 4-4 -10 5.0 51.05 0.25 
4 4-8 -10 5.0 51.05 0.25 
4 4-9 -10 5.0 0 0 
4 4-10 -10 5.0 408.41 2.0 
4 4-11 -10 5.0 306.31 1.5 
4 4-12 -10 5.0 102.10 0.5 
 
Table 1: Summary of all of the experimental ice columns from Dennis (2018) that are referenced in 
this work. Columns used are from two distinct experiments, each of which involved multiple ice 
columns. All experimental ice columns underwent ~3 weeks of sublimation induced by an 
environmental chamber capable of maintaining the sub-freezing temperatures and low relative 
humidity conditions required for sublimation. Thin layers of glass beads with varying thicknesses were 
added on top of the ice columns in experiment 4, but not experiment 2. 
 In experiment 2, two ice columns were sublimated in the environmental chamber 
at -2°C and 20% relative humidity for 498 hours. Water was frozen in PVC pipes to create 
the ice columns for sublimation following the methodology described by Dennis (2018). 
The interior of the PVC pipe had a radius of 7.52 cm and ice columns were not removed 
from the PVC before sublimation. We therefore assume that sublimation was only 
occurring across one plane, the top surface of the ice column, and that the edges of the ice 
column were not in direct contact with the atmosphere. 
 Experiment 4 differed in several significant ways from experiment 2. Most notably, 
glass beads (150 – 210 μm diameter) were placed on top of the ice columns prior to 
sublimation in order to simulate a debris cover. Seven ice columns from this experiment 
were sampled for isotope analysis, each covered with varying thicknesses of glass beads. 
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Ice columns in experiment 4 were frozen in PVC pipes with an interior radius of 5.0 cm, 
and then sublimated at -10℃ and 20% relative humidity for a duration of 475 hours.  
In both experiments, ice columns were removed from the environmental chamber 
after the three-week period, cut in half using rock saw along the vertical axis, and then 
sampled along the center of the half cylinder’s straight edge at various depths for stable 
water isotope analysis. Samples were collected using a 2 cm diameter cylindrical drill bit 
resulting in a sampling resolution for these experiments of 2 cm. (Figure 1).  
The measurement depths reported for experimental data are the midpoint of the (2 
cm) depth range that the sample spanned and thus all experimental data are integrated over 
this range. As a result of this sampling technique, the shallowest measurement for each of 
the post-sublimation ice columns is likely a poor approximation of the actual surface value. 
Thus, we interpret our near-surface heavy isotope concentration measurements as an 
underestimate of the actual surface value.  
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Figure 1: (A) Photograph of an ice column from experiment 2 post-sublimation, before being halved 
to sample isotopic concentrations along the vertical axis. (B) Schematic representation of the sampling 
scheme used for all experimental data from Dennis (2018) discussed in this paper. 
3.2 Model simulations 
The numerical modeling framework described in this work was developed as a 
proof-of-concept in order to test the hypothesis that the concentration of heavy isotope in 
ice at depth can be altered via diffusion through the intergranular network of premelt liquid 
in solid ice. The model uses a physics-based approach that couples a sublimation flux at 
the ice surface with a hypothesized two-dimensional diffusion mechanism within the body 
of the ice. 
 3.3 Geometric framework for the model  
 A two-dimensional rectangular grid was used to model the geometry of the system 
(Figure 2). The spatial resolution in the x direction, dx, was chosen to match the scale of 
the liquid veins at typical field temperatures; dx = 10-6 m (Rempel & Wettlaufer, 2003). 
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The spatial resolution in the z direction, dz, was set to 0.002 m. dz is much larger than dx 
in order to increase model computational efficiency. This is justified because liquid veins 
in the x direction are not being considered. Sensitivity tests showed no instability 
introduced by using a relatively large spatial resolution in the z direction (i.e., dz = 0.002 
m).  
 The length of the grid space in the x direction, L, was chosen to be representative 
of an individual ice grain radius (L = 10-3 m). This results in nx = 1001, where nx is the 
number of values along the x axis at which calculations are made. The total depth of the 
grid in the z direction, M, was chosen for easy comparison to experimental results, and such 
that the z = M boundary condition could be assumed constant at M = 0.2 m. This boundary 
condition invokes the assumption that the maximum depth is far enough away from the 
surface such that the concentrations at this depth are not affected by the surface flux over 
the time period observed. Where a liquid vein meets a solid ice grain is referred to as the 
solid-liquid boundary, and is placed at x = 0. The x = L boundary is set to be the midpoint 
of the ice grain. The final boundary for the problem, z = 0, is the ice-atmosphere interface.  
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Figure 2: Schematic diagram of the geometry used to model the system. The four boundaries of the 
problem are highlighted in red, and the corners of the grid-space are labeled. A section of the grid-
space is also shown to illustrate notation; labels shown correspond to the upper-left corner. For 
example, the point (0, 0) corresponds to i = 0, k = 0 and the point (L, M) corresponds to i = nx, k = nz. 
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4 Model development  
The two stable isotopes typically measured in ice cores are 18O and 2H. Here, I 
focus on the dynamics of 2H, also known as deuterium. I would expect 18O to exhibit the 
same general behavior as deuterium and thus the model developed here could be adjusted 
for oxygen isotopes through several minor modifications. All references to concentration, 
if not specified, refer to the concentration of deuterium in ice relative to the total amount 
of hydrogen (all isotopes of hydrogen) in ice.  
 4.1 Interior points 
The concentration at each of the interior points along the model domain is 
calculated following standard practices for diffusion through a solid material, where Fick’s 
second law of diffusion (eq. 4), is assumed to be representative of the bulk behavior. The 
diffusivity from Fick’s second law is replaced with Ds, an experimentally determined, 
temperature-dependent, bulk diffusivity, which incorporates both lattice structure and grain 
boundary properties:  
 
𝜕𝑐
𝜕𝑡
= 𝐷𝑠 (
𝜕2𝑐
𝜕𝑥2
+
𝜕2𝑐
𝜕𝑧2
) , (4) 
 
where c(x, z, t) is the concentration of deuterium (mols m-3) at a point in the domain. This 
work uses the following relationship from averaged measurements reported by Ramseier 
(1967) and used by Rempel and Wettlaufer (2003), to calculate the diffusivity through solid 
ice: 
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𝐷𝑠 = 9.1 × 10
−4 exp [−
7.2𝑥103
𝑇
] , (5) 
 
where T is temperature in Kelvin. 
4.2 Boundary conditions: x = 0, x = L, and z = Y 
A no flux boundary condition is applied to the right boundary, x = L. The bottom 
boundary, z = M, is assumed to be sufficiently far from the surface that the concentration, 
c, remains constant over the time scale relevant to this work. Thus 
 
𝜕𝑐
𝜕𝑥
|𝑥=𝐿 = 0  ∀𝑡 ∈ 𝑇𝑖𝑚𝑒, (6) 
 
and 
 
𝜕𝑐
𝜕𝑡
|𝑧=𝑀 = 0. (7) 
 
The concentration of heavy isotopes in the ice at the left boundary, x = 0 (the solid-
liquid interface), is assumed to be in equilibrium with the concentration of heavy isotopes 
in the liquid veins. We also assume that the concentration within the liquid veins is only 
determined by the concentrations in the z direction; that is, the radius of the liquid vein is 
so small relative to the diffusivity of the liquid and the concentration gradients within the 
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liquid that it is valid to consider the concentration to be laterally homogenous. The 
concentration within the liquid vein is then determined by  
 
𝜕𝑐𝑙
𝜕𝑡
= 𝐷𝑙 (
𝜕2𝑐𝑙
𝜕𝑧2
) + 𝐷𝑠 (
𝜕𝑐𝑠
𝜕𝑥
|𝑥=0) , (8) 
 
where cl is the concentration of deuterium in the liquid film, cs is the concentration of 
deuterium in the solid ice grain, Dl is the temperature-dependent diffusivity of the liquid, 
and Ds is the temperature-dependent diffusivity of the solid. Thus, the change in 
concentration of the liquid vein at any z value is determined by the diffusion of the heavy 
isotope through the liquid vein plus the amount of heavy isotope moving from the ice grain 
into the vein or vice versa. The total concentration in the liquid is therefore the sum of a 
diffusive flux and an equilibrium flux. The diffusivity of the liquid used here is determined 
by the experimentally derived relationship of Gillen et al. (1972) as used by Rempel and 
Wettlaufer (2003): 
 
𝐷𝑙 = 1.728 × 10
−8 − 1.575 × 10−10𝑇 + 3.591 × 10−13𝑇2, (9) 
 
where T is the absolute temperature of the liquid (in Kelvin). We assume the liquid and the 
solid states are in dynamic equilibrium, and therefore the concentration in the liquid can be 
used to determine the concentration in the solid at x = 0 yielding  
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𝜕𝑐
𝜕𝑡
|𝑥=0 = 𝐷𝑙 (
𝜕2𝑐
𝜕𝑧2
|𝑥=0) + 𝐷𝑠 (
𝜕𝑐
𝜕𝑥
|𝑥=0) . (10) 
 
 4.3 Surface boundary condition 
 The z = 0 surface boundary condition is most complex of the boundary conditions 
in this problem as the concentration at the surface is altered by both sublimation and 
diffusion. Sublimation removes a smaller fraction of heavy isotopes than would be 
expected if there were no fractionation occurring, leaving the surface more concentrated in 
heavy isotopes. Diffusion causes the heavy isotopes to move from areas of higher 
concentration to areas of lower concentration. There can be concentration gradients of the 
heavy isotopes at the surface in both the x and z directions. Although we can assume that 
the x-gradients will be much smaller than the z-gradients, the model incorporates diffusion 
in both directions. The surface boundary condition was derived here by considering three 
sequentially contributing components: sublimation, diffusion in the z direction, and 
diffusion in the x direction (in that order). 
4.3.1 Sublimation flux  
 The amount of heavy isotopes leaving the system due to sublimation behave 
linearly and is dependent upon the concentration of isotopes at the surface. In order utilize 
the general isotope equations from section 2.1 to determine the concentration at the ice 
surface, it is necessary to convert between concentrations and isotopic ratios, R=D/H. 
Given the concentration of deuterium at a point: 
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𝑐(𝑥, 𝑧, 𝑡) =
𝑚𝑜𝑙𝑠 𝑜𝑓 𝐷
𝑚3
, (11) 
 
given the total amount of hydrogen (all isotopes) per cubic meter of water, ctot, the molar 
fraction of deuterium relative to the total hydrogen is the ratio of the concentration to the 
total amount of hydrogen: 
 
𝑐𝑡𝑜𝑡 =
𝜌𝑖𝑐𝑒
𝑀𝐻2𝑂
∗
2 𝑚𝑜𝑙𝑠 ℎ𝑦𝑑𝑟𝑜𝑔𝑒𝑛
1 𝑚𝑜𝑙 𝑤𝑎𝑡𝑒𝑟
, (12) 
 
and 
 
𝑐(𝑥, 𝑧, 𝑡)
𝑐𝑡𝑜𝑡
=
𝑚𝑜𝑙𝑠 𝐷
𝑚𝑜𝑙𝑠 𝐷 + 𝐻
. (13) 
 
To determine an R value for the ice (which is not the ratio of heavy isotope to total, but the 
ratio of heavy isotope to light) we write equation 13 in terms of Rice: 
 
𝐷
𝐷 + 𝐻
=
𝐷
𝐻
𝐷
𝐻 +
𝐻
𝐻
=
𝑅𝑖𝑐𝑒(𝑥, 𝑧, 𝑡)
𝑅𝑖𝑐𝑒(𝑥, 𝑧, 𝑡) + 1
. (14) 
 
By combining equations (11) through (14), we can explicitly write a relationship between 
concentration and the isotopic ratio, Rice. 
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𝑅𝑖𝑐𝑒(𝑥, 𝑧, 𝑡) =  
𝑐(𝑥, 𝑧, 𝑡)
𝑐𝑡𝑜𝑡⁄
1 − 𝑐
(𝑥, 𝑧, 𝑡)
𝑐𝑡𝑜𝑡⁄
. (15) 
 
Because the fractionation factor, α, is determined experimentally, knowing Rice 
allows us to calculate Rvapor for corresponding points. Rvapor is used to calculate the fraction 
of deuterium in the vapor relative to the total amount of hydrogen (all isotopes). Using the 
sublimation rate, s (kg s-1), experimentally measured from Dennis (2018) we can calculate 
an average flux for the total amount of hydrogen sublimating at the ice surface, sub (mols 
m2 s-1). Given a known sublimation flux of total hydrogen, sub, we then calculate the 
sublimation flux of deuterium leaving the ice surface in the vapor via sublimation, Fs, using 
 
𝑅𝑣𝑎𝑝𝑜𝑟 =
𝑅𝑖𝑐𝑒
𝛼𝑖𝑐𝑒→𝑣𝑎𝑝𝑜𝑟
, (16) 
 
and 
 
𝑆𝑢𝑏𝑙𝑖𝑚𝑎𝑡𝑖𝑜𝑛 𝐹𝑙𝑢𝑥: 𝐹𝑆(𝑥, 𝑡) = 𝑠𝑢𝑏 ×
𝑅𝑣𝑎𝑝𝑜𝑟(𝑥, 𝑡)
𝑅𝑣𝑎𝑝𝑜𝑟(𝑥, 𝑡) + 1
. (17) 
 
The sublimation flux of total hydrogen, sub, is assumed to be constant unless otherwise 
specified and is determined by the experimentally derived (Dennis, 2018) sublimation rate 
as: 
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𝑠𝑢𝑏 =
𝑠
𝐴 × 𝑀𝐻2𝑂
×
2 𝑚𝑜𝑙𝑠 ℎ𝑦𝑑𝑟𝑜𝑔𝑒𝑛
1 𝑚𝑜𝑙 𝑤𝑎𝑡𝑒𝑟
, (18) 
 
where A is the cross-sectional area (m) of the ice column sublimating, and s is the 
sublimation rate (kg s-1). The sublimation flux is therefore the quantification of the amount 
of deuterium leaving the system dependent upon the concentration of deuterium in the ice 
immediately below. Note that Rvapor has no z component while Rice does. Rvapor is only 
considered immediately above the ice, and is calculated from Rice at corresponding x values, 
when z = 0.   
4.3.2 Diffusive flux at the surface  
Approximating non-equilibrium diffusion without an explicit function requires 
information about the concentration on both sides of the point of interest. This is 
problematic for the surface layer, as the gradient in the z direction is only obtainable in one 
direction because z = 0 is defined as a boundary. As a result, equilibrium diffusion is 
assumed at the surface and the diffusive flux, FD, can be computed using Fick’s first law:  
 
𝐹𝐷 =  −𝐷𝑠
𝜕𝑐
𝜕𝑥
|𝑧=0 . (19) 
 
4.3.3 Lateral surface diffusion   
 Heavy isotope molecules are also allowed to travel laterally across the surface. For 
the interior points along the z = 0 boundary, lateral diffusion can be accounted for using 
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Fick’s second law in one dimension. The endpoints, (0, 0) and (L, 0), cannot be calculated 
in this way for the same reason that the diffusive flux at the surface cannot be calculated in 
this way: there is insufficient information at the boundary to make the approximation. 
Therefore, an equilibrium flux assumption is used for these points.  
4.3.4 Surface concentration  
 The sublimation flux and the diffusive flux are both in units of mols m2 s-1, and the 
concentration is in units of mols m-3. We therefore divide the two fluxes by height of the 
surface layer after sublimation has been accounted for to complete the surface boundary 
condition equation. The final surface boundary condition is thus  
 
𝜕𝑐
𝜕𝑡
|𝑧=0 = −
𝐹𝑠 
ℎ
|𝑧=0 −
𝐹𝐷
ℎ
|𝑧=0 + 𝐷𝑠 (
𝜕2𝑐
𝜕𝑥2
|𝑧=0) , (20) 
 
for interior surface boundary points, and  
 
𝜕𝑐
𝜕𝑡
|𝑥=0,𝐿; 𝑧=0 = −
𝐹𝑠 
ℎ
|𝑥=0,𝐿; 𝑧=0 −
𝐹𝐷
ℎ
|𝑥=0,𝐿; 𝑧=0 + 𝐷𝑠 (
𝜕𝑐
𝜕𝑥
|𝑥=0,𝐿; 𝑧=0) , (21) 
 
for endpoints, where h is the new time-dependent height (m) of the surface boundary after 
sublimation has occurred. 
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 4.4 Modeled δ profile  
Final concentrations are converted into a vertical δ profile obtained from laterally 
averaging the concentrations at each depth and then using the relationship between Rice and 
concentration (equation 15). The final model output is δice(z, t = 𝑡𝑓) for ease of comparison 
to experimental results and is calculated from concentrations as follows with  
Rstd = 1.5575×10-4 (the VSMOW standard): 
 
𝛿𝑖𝑐𝑒(𝑧, 𝑡𝑓) =  
(
∑ 𝑐(𝑥, 𝑧, 𝑡𝑓)
𝑥=𝐿
𝑥=0
𝑛𝑥 ∗ 𝑐𝑡𝑜𝑡
⁄
1 −
∑ 𝑐(𝑥, 𝑧, 𝑡𝑓)
𝑥=𝐿
𝑥=0
𝑛𝑥 ∗ 𝑐𝑡𝑜𝑡
⁄
) − 𝑅𝑠𝑡𝑑
𝑅𝑠𝑡𝑑
× 1000. (22)
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5 Discretization 
 A finite difference scheme was used to solve the system of equations. The system 
was solved recursively using an explicit, forward difference in time, central difference in 
space scheme. The scheme is first order accurate in its time derivative approximation, and 
is second order accurate in its second derivative approximation. It is numerically stable 
when 𝜎 ≤ 1/2, where, in this system  
 
𝜎𝑥 =
𝐷Δ𝑡
(Δ𝑥)2 
, 𝜎𝑧 =
𝐷Δ𝑡
(Δ𝑧)2
, (23) 
 
and D can be either of the diffusivities used in this model. This condition puts restrictions 
on how the spatial grid can be discretized, and what size time steps can be used. The 
geometric framework used here is numerically stable.   
 The x = 0 and z = 0 boundary conditions are defined as time derivatives, so it is 
necessary to first solve these equations for the next time step before solving the equation 
for the interior points. The x = L boundary is defined as a spatial derivative. At each time 
step the new values are dependent on the values of the surrounding points at the same time 
step. It must therefore be solved after the value of the interior points have been determined. 
The z = M boundary is held constant, and therefore independent of the surrounding points. 
The discretized system is as follows: 
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Surface fluxes are determined from 
 
𝐹𝑆
𝑛+1
𝑖
= 𝑠𝑢𝑏
𝑐𝑖,0
𝑛
𝑐𝑡𝑜𝑡
⁄
𝛼 (1 −  
𝑐𝑖,0
𝑛
𝑐𝑡𝑜𝑡
⁄ )
, (24) 
 
and 
 
𝐹𝐷
𝑛+1
𝑖
= −
𝐷𝑠(𝑐𝑖,1
𝑛 − 𝑐𝑖,0
𝑛 )
Δ𝑧
. (25) 
 
 
Surface boundary conditions are determined from 
 
𝑐𝑛+1|𝑧=0 =
𝑐𝑛|𝑧=0Δ𝑧
ℎ
−
𝐹𝑆
𝑛+1
𝑖
 Δ𝑡
ℎ
−
𝐹𝐷
𝑛+1
𝑖
  Δ𝑡
ℎ
 +
𝐷𝑠(𝑐𝑖+1,0
𝑛 − 2𝑐𝑖,0
𝑛 + 𝑐𝑖−1,0
𝑛 )Δ𝑡
(Δ𝑥)2
,  
𝑓𝑜𝑟 0 < 𝑥 < 𝐿, (26) 
 
𝑐0,0
𝑛+1 =
𝑐0,0
𝑛  Δ𝑧
ℎ
−
𝐹𝑆
𝑛+1
0
 Δ𝑡
ℎ
−
𝐹𝐷
𝑛+1
0
 Δ𝑡
ℎ
+
𝐷𝑠(𝑐1
𝑛 − 𝑐0
𝑛)Δ𝑡
Δ𝑧
, 𝑥 = 0, (27) 
 
and 
𝑐−1,0
𝑛+1 =
𝑐−1,0
𝑛  Δ𝑧
ℎ
−
𝐹𝑆
𝑛+1
−1
 Δ𝑡
ℎ
−
𝐹𝐷
𝑛+1
−1
 Δ𝑡
ℎ
+
𝐷𝑠(𝑐−2
𝑛 − 𝑐−1
𝑛 )Δ𝑡
Δ𝑧
, 𝑥 = 𝐿. (28) 
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The solid-liquid boundary condition is determined from 
 
𝑐0,𝑘
𝑛+1 = 𝑐0,𝑘
𝑛 +
𝐷𝑙(𝑐0,𝑘+1
𝑛 − 2𝑐0,𝑘
𝑛 + 𝑐0,𝑘−1
𝑛 )Δ𝑡
(Δ𝑧)2
+
𝐷𝑠(𝑐1,𝑘
𝑛 − 𝑐0,𝑘
𝑛 )Δ𝑡
Δ𝑥
,  
𝑓𝑜𝑟 0 < 𝑧 < 𝑀, (29) 
 
and the interior points as 
 
𝑐𝑖,𝑘
𝑛+1 = 𝑐𝑖,𝑘
𝑛 +
𝐷𝑠(𝑐𝑖+1,𝑘
𝑛 − 2𝑐𝑖,𝑘
𝑛 + 𝑐𝑖−1,𝑘
𝑛 )Δ𝑡
(Δ𝑥)2
+
𝐷𝑠(𝑐𝑖,𝑘+1
𝑛 − 2𝑐𝑖,𝑘
𝑛 + 𝑐𝑖,𝑘−1
𝑛 )Δ𝑡
(Δ𝑧)2
. (30) 
        
Finally, the x = L and z = M boundary conditions are respectively set to 
 
𝑐−1,𝑘
𝑛+1 = 𝑐−2,𝑘
𝑛+1  , (31) 
 
and 
 
𝑐𝑖,−1
𝑛+1 = 𝑐𝑖,−1
𝑛 = 𝑐0 . (32) 
 
The concentration at time n+1 is calculated for every i and k in the grid space using only 
the concentration at time n after completing the above sequence of computations in the 
order that they are presented.  
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6 Results  
 6.1 One-dimension model results 
 To characterize the general behavior of the system, the diffusion equation was 
initially solved in the z direction only. The boundary conditions for the one-dimensional 
case are the same as the z boundary conditions described in the model development, section 
4.2 and 4.3. The geometry of ice is not considered for this case as the x direction is being 
ignored. Two situations are considered. The first assumes that the dominant diffusion 
mechanism is atomic diffusion through solid ice, and the second assumes that the dominant 
diffusion mechanism is diffusion through premelt liquid veins. The simplified system of 
equations is solved as follows: For interior points 
 
𝜕𝑐
𝜕𝑡
= 𝐷 (
𝜕2𝑐
𝜕𝑧2
) , (33) 
 
where D is either equal to Ds or to Dl dependent on the case, and the boundary conditions 
are 
𝜕𝑐
𝜕𝑡
|𝑧=0 = −
𝐹𝑠 
ℎ
|𝑧=0 −
𝐹𝐷
ℎ
|𝑧=0 , (34) 
 
and 
𝜕𝑐
𝜕𝑡
|𝑧=𝑀 = 0. (35) 
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Figures 3 and 4 show the results from the one-dimension model after simulating 
three weeks of sublimation at constant temperature (-2℃). The δD profile obtained by 
using only the diffusivity through solid ice is not consistent with our experimental results 
(Dennis, 2018), or with the observations from the field presented by Lacelle et al. (2011). 
The surface value becomes unreasonably high in the relatively short time span of three 
weeks. The simulation using the difusivity of premelt liquid is more representative of both 
our experimental results and field results. 
 
 
Figure 3: Post-sublimation δD profile of ice using the one-dimension diffusion model. The diffusivity 
in this model run is the approximated diffusivity of solid ice at -2°C, 2.67x10-15 m2 s-1.  
 32 
 
 
Figure 4: Post-sublimation δD profile of ice using a one-dimension diffusion model and an approximate 
diffusivity for sub-freezing liquid water (9.76×10-10 m2 s-1). 
 
 6.2 Two-dimension model results  
The 2D model calculates time-dependent concentrations of deuterium throughout 
the domain from an initial concentration and the boundary conditions described in section 
4. Figures 5 and 6 show the solution to this system of equations over the entire spatial 
domain resulting from model parameters of experimental ice column 2-3 (Table 1) run for 
a three-week time period.  
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Figure 5: The concentration (mol m-3) of deuterium throughout the grid-space that the system of 
equations is solved over after simulating sublimation for a 3-week time period using model parameters 
representative of experimental ice column 2-3. The model’s spatial domain is shown on the horizontal 
x-z plane, and the concentration of deuterium at each x-z point is shown along the vertical axis. 
 
Figure 6: A color map of the model results displayed in Figure 5. 
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Post-sublimation δD profiles were modeled for each of the ice columns sublimated 
and analyzed in experiments 2 and 4 by Dennis (2018). The input parameters that changed 
for each run include total mass loss, initial concentration, radius of ice column, and 
atmospheric temperature. The ice column radius and the temperature were constant across 
columns of the same experiment, but differed between across the two experiments. 
Parameter differences and post-sublimation measured and modeled near-surface-values are 
summarized in Table 2.  
Ice 
column 
Mass  
loss 
(g) 
s 
(kg/s) 
Column 
radius 
(cm) 
δD 
(0/00) 
initial  
Depth of 
shallowest 
sample 
(cm) 
δD  
(0/00) 
measured 
δD 
(0/00) 
modeled 
2-2 251.92 1.388e-7 7.52 -65.92 -1.0 -51.81 -42.01 
2-3 195.68 1.078e-7 7.52 -65.84 -1.0 -54.69 -48.41 
4-3 43.73 2.410e-8 5.0 -62.9 -1.0 -57.52 -55.71 
4-4 58.34 3.215e-8 5.0 -62.3 -1.0 -56.76 -52.30 
4-8 55.76 3.072e-8 5.0 -62.0 -1.0 -55.77 -52.51 
4-9 354.64 1.955e-7 5.0 -62.0 -1.0 -61.13 +126.67 
4-10 7.85 4.325e-9 5.0 -61.3 -2.0 -52.69 -60.53 
4-11 8.35 4.602e-9 5.0 -62.0 -1.25 -57.70 -60.85 
4-12 22.15 1.221e-8 5.0 -62.6 -1.25 -56.48 -59.44 
 
Table 2: Summary of model parameters, initial condition, and final modeled/measured near surface 
values. Ice column 4-9 (highlighted in red) is a bare ice column (no glass beads) and shows no change 
at the surface. Orange rows correspond to experimental ice columns for which the modeled results 
predict near surface values that have higher concentrations of deuterium than measured. Blue rows 
correspond to experimental ice columns for which the modeled results were less concentrated than the 
measured near surface values. 
Two-dimensional model results and corresponding measured data from experiment 
2 are shown in Figure 7. In experiment 2, a surface sample was taken from the ice before 
beginning sublimation. The isotope values from this sample were used as the initial 
concentration for the model runs corresponding to experiment 2. Data points are plotted at 
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the midpoint depth of the range (2 cm, see section 3.1) that the measured sample spanned. 
The modeled value which corresponds to the shallowest measured sample is marked with 
an x for each of the columns.  
 
 
Figure 7: Modeled post-sublimation δD profiles (solid lines) for the two ice columns from experiment 
2 plotted with measured experimental data. The modeled values which correspond to the depth of the 
shallowest measurements are marked with an x for each model run. 
Two-dimensional model results and corresponding measured data from experiment 
4 are shown in Figures 8 and 9. No pre-sublimation samples were taken in experiment 4. 
Therefore, the initial concentration for the model runs corresponding to experiment 4 were 
approximated by matching the deepest post-sublimation data point to the model. This is 
not an ideal method, but it is justified due to the negligible amount of measured change in 
isotope concentrations below 10 cm depth. Because initial concentrations vary 
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significantly across columns, this is the preferred way to make the approximation given a 
lack of a measured pre-sublimation values.  
 
 
 
Figure 8: Model results corresponding to experimental columns 4-3 (mass loss = 43.73g), 4-4 (mass loss 
= 58.34g), and 4-8 (mass loss = 55.76g). For all three columns, the model predicted near-surface values 
that are more concentrated in deuterium than the measured values. 
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Figure 9: Model results corresponding to experimental columns 4-10 (mass loss = 7.85g), 4-11 (mass 
loss = 8.35g), and 4-12 (mass loss = 22.15g). The model underestimated the near-surface values for 
deuterium concentration as compared with the experimental measurements for all three columns. 
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7 Discussion  
 7.1 General model behavior 
 Model results predict that an ice column undergoing sublimation at sub-freezing 
temperatures will become systematically enriched in heavy isotopes. The enrichment is 
most pronounced at the surface and then decreases steeply in magnitude as a function of 
depth. For all model runs, the enrichment of heavy isotopes approaches the zero asymptote 
and becomes negligible at approximately the same depth (10 cm) below the ice-atmosphere 
interface. These model results are consistent with general observations from experimental 
data (Dennis, 2018). The general shape is also consistent with the field data described by 
Lacelle et al. (2011), although the magnitude of increased surface concentration is not 
consistent with their data given the short time scale (three weeks) used in our model.  
Across all model simulations presented, the depth of minimal isotope change is 
relatively constant. Dl, the diffusivity of the premelt liquid, is the primary factor 
determining the depth to which we see an increase in the concentration of deuterium. This 
can be seen when comparing Figures 3 and 4, the 1D model results, for which the only 
difference between model runs is the use of the solid versus the liquid diffusivity. In this 
model, diffusivity is only functionally dependent on temperature, and can therefore be 
considered a constant at a given and fixed temperature. The distance over which a diffusing 
substance will spread increases as the amount of time increases. The rate at which it 
diffuses is determined by its diffusivity. Therefore, the only two variables controlling the 
depth are diffusivity and time.  
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The magnitude of the modeled enrichment in the shallow near-surface ice varied 
significantly across model runs. Final surface concentrations are controlled by both 
fractionation during the phase change reaction and Ds, the diffusivity of the ice grain. In 
the model system, the sublimation rate is a determining parameter in the recalculation of 
surface concentration after sublimation has occurred in each time step. As a result, the 
sublimation rate declared for each simulation plays an integral part in determining the final 
surface concentration.  
7.1.1 Diffusion length  
 When diffusion is modeled purely as atomic diffusion through solid ice grains, 
heavy isotope enrichment of ice at depth is negligible and the surface concentration 
becomes extremely large (Figure 3). This is consistent with the theory previously proposed 
in the literature, despite minimal supporting evidence, that if sublimation does change the 
concentration of isotopes at the free-surface (the ice-atmosphere boundary), the extremely 
slow rate of diffusion will preserve the original signal for ice at depth (Lacelle et al. 2011; 
Sokratov & Golubev 2009; van der Wel et al. 2015). However, when premelt liquid 
diffusivity is included in the 1-dimension diffusion model, we observe a characteristic 
diffusion curve with an increased surface concentration asymptoting towards the initial 
concentration (no enrichment) at depth (Figure 4).  This behavior is consistent with our 
recent experimental results (e.g. Dennis 2018).  
Quantitatively, the length scale of the diffusion signal can be approximated using 
the concept of diffusion length: 
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𝑧𝑑𝑖𝑓𝑓 =  √2𝐷𝑡 . (36) 
 
Using this approximation, the diffusivity of solid ice (1.192×10-15 m2 s-1) yields a diffusion 
length of 0.0098 cm. Thus, if diffusion through solid ice were the dominant mechanism 
driving the diffusion dynamics of this system, then we would expect the observable 
enrichment of deuterium to be limited to the immediate surface. This is not consistent with 
our experimental results. Alternatively, using liquid diffusivity (7.008×10-10 m2 s-1), we 
derive a diffusion length of 5.915 cm.  
Dennis (2018) presented a breakpoint analysis of experimental data, that was used 
to determine the statistically significant depth at which the enrichment trend changes from 
relatively homogeneous at depth, to a steep concentration increase near the ice surface. 
This analysis produced a critical depth of 3.62 cm (Dennis, 2018).  
The two-dimensional diffusion mechanism explored in this work uses the combined 
effects of both the solid and liquid diffusivities. If the modeled mechanism is representative 
of the physics driving this system, we would expect the depth at which the trend in observed 
concentration changes to fall between the diffusion lengths representing these two extreme 
cases. The depth indicated by breakpoint analysis, 3.62 cm, is within this range, suggesting 
that two-dimensional diffusion mechanism proposed here is consistent with experimental 
results. 
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7.1.2 Surface concentration    
 Although the model is capturing the general behavior of the experimental results, 
it is not correctly predicting near surface heavy isotope concentrations (Table 2). Several 
of the model outputs corresponding to experiment 4 are very close to the measured values 
(Figure 8, Table 2). However, model outputs corresponding to experiment 2 are 
overestimating the near surface value for all runs (Figure 7), while underestimating them 
for several of the experiment 4 ice columns (Figure 9).  
The differences in modeled versus measured surface concentrations are most likely 
the result of different sublimation rates used in the model calculations. Within the model, 
equilibrium fractionation is assumed to be independent of both atmospheric pressure and 
vapor pressure in the model formulation. As such, there is no distinction made in the model 
between ice columns that are subjected to sublimation through a surface layer of glass 
beads (see Dennis 2018) or those that were in direct contact with the atmosphere. 
Furthermore, in the experimental data, there is no distinguishable pattern relating 
sublimation rate and surface concentration of heavy isotopes. It is therefore hypothesized 
that a component is missing from the model calculation for the surface concentration that 
would moderate the model dependency on sublimation rate.  
In future model development, the addition of a thin boundary layer above the ice 
surface in which the atmospheric concentration of deuterium was allowed to vary may 
address this problem. Cappa et al. (2003) suggested that the concentration of heavy stable 
water isotopes would be higher immediately above the phase-change surface as the lighter 
species would preferentially disperse according to kinetic fractionation dynamics. We 
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would expect less atmospheric mixing at the ice surface in the cases where sublimation 
occurs through a layer of glass beads, and therefore more available heavy isotope in the 
boundary layer above the ice surface.  
7.1.3 Long time periods and limits to surface concentration and diffusion length 
When run over long time periods, the current model does not approach a limit in 
either the predicted surface concentration or the diffusion length. Instead, the surface 
becomes increasingly concentrated in heavy isotopes as time progresses. Likewise, the 
modeled diffusion length increases indefinitely over time, and there is no mechanism to 
limit this behavior. This results in a predicted profile of heavy isotope enrichment that 
continues to diffuse downward through the ice indefinitely.  
However, this is an unrealistic behavior for long time periods and is not supported 
by field data. Lacelle et al. (2011) drilled shallow ice cores in the McMurdo Dry Valleys, 
Antarctica, where the ice is generally accepted to be at least 100,000 years old, and possibly 
much older. The ice is covered by a thin debris layer, and precipitation in the region is 
minimal. If surface ice becomes enriched in deuterium without limit as a function of time, 
we would expect regions like this to have extremely high δD and δ18O values near the 
surface, and extremely deep diffusion lengths. Although few publications have included 
isotope analysis of ice cores from the Dry Valleys that extend to surface ice, those that have 
did not see these characteristics. On the contrary, Lacelle et al. (2011) report exponential 
decay in δ values in the near surface ice with δ18O = -32.0‰ at the surface and δ18O = -
34.5‰ at a depth of 6 cm, below which the data appear relatively homogenous. 
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Experimental evaporation studies have suggested that δ18O and δD values trend 
towards a limit when temperature is held approximately constant. Cappa et al. (2003) 
conducted a series of experiments where isotopic concentrations in vapor from evaporating 
water were measured directly under varying relative humidity conditions. They found that 
isotopic ratios of the vapor reached a stationary value over long time periods when the 
experimental chamber’s relative humidity was larger than 20%. They attribute this to the 
reverse reaction occurring at a higher rate when relative humidity is above 20%. In the ice 
sublimation experiments conducted by Brown et al. (2012), the isotopic concentration of 
the vapor was continuously measured. They observed increasing concentrations initially, 
followed by values oscillating around the bulk concentration of the sample for pure ice 
sublimation. It is therefore plausible that sublimating surface ice could increase in 
concentration trending towards a limit under specific conditions. Further experimentation 
would be necessary to determine under what conditions a limit is reached and what 
mechanisms cause it to develop. 
7.1.4 Bare ice     
 The bare ice column 4-9 (experiment 4) displayed no difference between near 
surface heavy isotope concentrations and concentrations in ice at depth after undergoing 
sublimation. This is in contrast to the data obtained from all other measured ice columns 
(Dennis 2018), and suggests that our understanding of the dynamics between ice 
sublimation and diffusion is possibly overlooking some mechanism relevant to how these 
processes effect isotopic concentrations.  
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It is not possible given the lack of additional experimental data, to definitively 
assert why we do not observe any alteration of heavy isotope concentrations in ice 
undergoing rapid sublimation (i.e. bare ice). However, we hypothesize that there exists a 
thresholding behavior for the sublimation rate; if the sublimation rate is large enough, 
diffusion is suppressed. If the solid state diffusion length, 𝑧𝑠 =  √2𝐷𝑠Δ𝑡, is significantly 
smaller than the height of surface retreat from sublimation,  𝑑𝑧 − ℎ(Δ𝑡), where ∆t is an 
arbitrary time length for comparison, it is possible that the heavy isotope will not be able 
to diffuse into the ice at depth.  
We believe that the balance between diffusion length and surface retreat becomes 
important in the energy balance of the system. It is likely that as sublimation preferentially 
removes the lighter isotopes, the micro-topography of the surface increases and the lattice 
structure is weakened. If this processes were to significantly outpace the diffusion of the 
heavier molecules into the more stable region of the ice lattice structure, it is possible that 
the lattice energy binding the heavy molecules could weaken to the point of being 
energetically favorable to sublimate, preventing a concentration build up at the surface. 
Understanding these dynamics or the limits on the magnitude of sublimation rate in this 
system is beyond the scope of this current study. However, this hypothesis is consistent 
with the experimental data presented in Brown et al. (2012), although their methodology 
was not designed to definitely test this theory.  
7.2 Model sensitivity to parameters 
The four input parameters controlling the behavior of the model are the initial 
isotope concentration, atmospheric temperature, sublimation rate, and column radius. Of 
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these input values, the sublimation rate has the greatest impact on determining the final 
surface concentration of heavy isotopes. The model is also sensitive to small changes in 
the fractionation factor; this parameter is theoretically determined solely by temperature 
but is poorly constrained in the literature.  
7.2.1 Sublimation rate    
The modeled surface concentration is highly sensitive to the sublimation rate 
declared for each simulation. Subsequent model simulations were run to examine this 
directly.  
7.2.1.1  Non-constant sublimation rate 
 
To explore the dependency on sublimation rate, various time-dependent 
sublimation rates (Figure 10) were developed as additional input parameters for the model. 
Total measured mass loss is used indirectly to calculate the new height, h, of the surface 
layer at each time step after sublimation is allowed to remove mass. The new surface 
concentration is dependent on that height. In order to avoid misrepresenting the system, it 
was necessary to ensure that while the sublimation rate can change over the experimental 
time frame, the total mass loss is consistent with experimental observations at the end of 
the 3-week time period. In order to accomplish this, sublimation functions were derived as 
the derivative of accumulated mass loss functions.   
 To ensure that the sublimation rate accounted for a specific mass loss at a specific 
point, a function for the time-dependent accumulated mass loss was developed. 
Sublimation rate as a function of time is the first derivative of the accumulated mass loss 
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function. Figure 10 shows the accumulated mass loss functions over a three-week time 
period corresponding to a positive and negative linear sublimation rate, as well as a 
constant sublimation rate for comparison. Figures 11 shows the modeled concentrations 
resulting from the two linear sublimation functions. 
 
 
Figure 10: Three functions for the accumulated mass loss over a 3-week time period are shown. Each 
mass loss function describes a different sublimation scheme which results in the same total mass loss 
for the experimental time frame. 
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Figure 11: Modeled post-sublimation δD profiles (solid lines) for three types of sublimation rate. The 
raw experimental data from one of the ice columns from experiment 2 is plotted along-side the modeled 
results for comparison. Model parameters from 2-3 are used in all three runs. 
 
7.2.1.2  Sublimation rate and fractionation 
 
Although this is a dynamical system, in the discrete representation sublimation and 
diffusion occur in sequential steps. More mass loss results in a smaller volume used to 
calculate the new concentration in each time step, which effectively increases the new 
surface concentration before diffusion is allowed to occur in the surface layer.   
If the total mass loss is large, the total flux of molecules going from solid to vapor 
is large by definition. We know from isotopic fractionation theory that molecules leaving 
the solid phase are more likely to be light isotopes.  Therefore, a large total flux of 
molecules changing phase will cause the surface to become more concentrated in heavy 
isotopes than would occur for a smaller total flux. We should therefore expect the 
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concentration in the surface layer to be dependent on the number of molecules leaving the 
system. This assumption is consistent with the model results.  
 However, this trend is not observed in the experimental data. In the experimental 
data there appears to be no correlation between the sublimation rate and the measured near 
surface δD values (Dennis 2018). Of the seven ice columns in experiment 4, column 4-10 
exhibits the largest difference between δD values near the surface and at depth.  However, 
column 4-10 had the lowest sublimation rate (s = 4.325x10-9), only losing 7.85g of ice in 
three weeks. The column which had the second lowest sublimation rate (column 4-11, s = 
4.602×10-9) lost 8.35g in 3 weeks and had the smallest difference between near surface δD 
values and δD values at depth. These observations suggest that, contrary to our model 
implementation, the sublimation rate is not the only determining factor for the magnitude 
of the concentration change observed near the surface.  
 The sublimation rate differences in experiment 4 are the result of glass bead layers, 
of various thicknesses, applied to the ice surface before sublimation commenced. The 
degree to which sublimation was reduced for each column is directly related to the 
thickness of the glass bead surface layer. It is hypothesized that presence of a glass bead 
surface layer decreases the relative humidity gradient over the ice, effectively creating a 
high humidity layer over the ice surface. Because sublimation is modeled as an equilibrium 
reaction, it is implicitly assumed that relative humidity immediately over the ice is 100% 
regardless of whether or not the ice is in direct contact with the atmosphere. However, the 
relative humidity gradient above the ice may change dramatically depending upon the 
thickness of the overlying debris layer. Experiments have not been conducted in which 
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sublimation rate is altered for bare ice, i.e. by manipulating the atmospheric temperature or 
relative humidity in an environmental chamber (Dennis, 2018). Given these modeling and 
experimental constraints, it is not possible at this time to tease apart the effects of 
sublimation rate and relative humidity gradient on the isotopic concentration at the ice 
surface with the available data.  
The balance between accumulation rate and sublimation rate is a critical 
consideration when evaluating the potential for post-depositional changes to isotope 
concentrations in ice. For an ice core composed of annual layers, if the accumulation rate 
at a previous time was very small relative to the sublimation rate (i.e. periods of neutral or 
negative glacial mass balance), then isotope fractionation dynamics near the surface 
boundary could potentially alter the values of the ice for that time period dramatically. 
Furthermore, modern accumulation rates are extremely slow at some of the Antarctic ice 
drilling sites (e.g. 0.023±4.4 m a-1 water equivalent at Vostok Station; Frezzotti et al. 2004), 
especially when compared to Greenland sites (e.g. ~0.2 m a-1 water equivalent, Steen-
Larsen et al. 2013) or typical continental alpine glacier ice core sites (e.g.~0.3 m a-1 water 
equivalent, Stichler et al. 2001). With these considerations, it seems prudent to consider 
possible alteration from sublimation-diffusion dynamics when analyzing isotopic 
measurements in the Antarctic regions where there may have been exposed ice for 
significant time periods before being buried by subsequent accumulation. 
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7.2.2 Fractionation factor    
Using only published values of α (Table 3), we see that the model output is highly 
sensitive to the fractionation factor. Results are shown in Figure 12 for α values ranging 
between 1.055 and 1.152 to illustrate the sensitivity of the model to the value of α. All other 
model parameters were kept constant during these runs. Parameter values corresponding 
to experiment 2, ice column 2-2 were used.  
Although α is temperature-dependent, not all α values used in this analysis 
correspond to the temperature of the model simulation. This is unavoidable due to limited 
experimental data in the literature (Table 3) defining a fractionation factor of sublimation 
relevant to temperatures of experimental conditions in Dennis (2018). In order to 
investigate the sensitivity of the model to α, using the limited published data, 
experimentally determined α values from colder experiments than ours were used. We can 
assume that these values will overestimate the fractionation based on the relationship 
between temperature and the degree of fractionation.  
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Fractionation 
factor, 
αice→vapor 
Source Temp 
(℃) 
Experimental 
measurement 
Functional 
approximation 
(absolute temp) 
1.152 Merlivat & Nief, 
1967 
-10 Yes n/a 
1.138 Ellehoj & Steen-
Larsen, 2013 
-2 No ln(α) = 0.2133 – 
203.1/T + 48888/T2 
1.135 Merlivat &Nief, 
1967 
-2 No log(α) = -0.041 + 
7074/T2 
1.122 Lecuyer et al., 
2017 
-30 Yes n/a 
1.113 Merlivat & Nief, 
1967 
0 Yes n/a 
1.078 Lecuyer et al., 
2017 
-30 Yes n/a 
1.055 Lecuyer et al., 
2017 
-30 Yes n/a 
 
Table 3: Summary of α values used in model run and their sources. Some of the α values used were 
from direct measurements of vapor in sublimation experiments, and some are functional 
approximations with respect to temperature. 
 
 
Figure 12: Model results for different values of the fractionation factor, α. α values and their sources 
are detailed in Table 3. 
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 A fractionation factor of α = 1.12, was used for all model outputs discussed thus 
far. However, equilibrium fractionation factors are experimentally derived and are 
temperature-dependent. For sublimation, α values are not yet standardized and there is a 
wide range of published values (Table 3).   
 Generally, larger values of α cause the model to predict a larger concentration of 
deuterium at the surface, consistent with a higher degree of fractionation occurring. 
However, the model fits the experimental data best when using a relatively small α value 
of 1.078. This value comes from Lecuyer et al. (2017) in which α was calculated using the 
direct measurement of vapor concentration during sublimation at -30°C. 
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9 Conclusions   
 Sublimation has been largely neglected as a process capable of causing post-
depositional changes to the isotopic concentration of glacial ice. Through experimental and 
modeling work, we find that it is possible for sublimation to significantly increase the 
concentrations of stable water isotopes in near-surface ice on short time scales. We propose 
that ice at depth can be altered by a sublimation-induced surface flux via a two-dimensional 
diffusion mechanism in which isotopic diffusion is expedited by premelt liquid veins 
surrounding ice grains. A physics-based sublimation-diffusion model was developed to 
explore the two-dimensional diffusion mechanism. Model results matched experimental 
data well overall, and revealed some additional questions regarding the dynamics of the 
system.  
The magnitude of sublimation rate has been shown to be a relevant parameter 
controlling the system, however the exact mechanism remains unclear. In the model 
development, sublimation rate was included in the system in a relatively minor way, and 
inconsistencies between modeled and experimental results indicate that an important 
component of the dynamics is still missing. Experimentally observed changes in the 
concentration of deuterium at the surface caused by low rates of sublimation are not 
currently captured in the model results. Large sublimation rates have minimal effect on 
isotopic concentrations in the experimental data, while modeled results predict a large 
magnitude effect. The relationship between the sublimation rate and the magnitude of 
concentration alteration is therefore more complicated than how it is currently represented 
in the model. 
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The model presented in this work is highly sensitive to small changes in the 
fractionation factor, α. Modeled results agree with experimental data best when α is small, 
but it is unclear what range of α values are representative of this system. Until a more 
constrained relationship between α and temperature exists, this will be a source of 
uncertainty.  
 Of particular interest is the inconsistency between the modeled and experimental 
results for the sublimation of bare ice, and the implications on the importance of 
sublimation rate in determining the dynamics of this system. If the hypothesis that 
sublimation is only capable of significantly altering isotopic concentrations when atomic 
diffusion into the ice grain out-paces surface retreat is true, then it is likely that the 
sublimation-diffusion mechanism only takes place under a narrow set of environmental 
conditions, such as those observed for buried glacial ice.  
 To address the identified limitations in the model, more experimentation is 
necessary. Despite these limitations however, overall results indicate that sublimation is an 
important process that should be considered during the interpretation of isotopic profiles 
in ice cores. Regions where sublimation is known to occur at slow continuous rates are 
more likely to experience post-depositional alteration from sublimation than regions 
characterized by large rates of accumulation and fast burial. It is also worth considering 
sublimation as a process capable of causing post-depositional alteration when conducting 
isotopic analysis on shallow ice deposits and near surface ice. 
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